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THE JUNE MEETING IN BERKELEY 


The three hundred fourteenth meeting of the Society was held 
at the University of California, Wednesday, June 20, 1934. The 
meeting was called to order at 9:30 and was presided over at 
different times by Professors E. R. Hedrick and Dunham Jack- 
son. 

The attendance included the following forty-four members: 

A. B. Andrews, B. A. Bernstein, John Biggerstaff, H. F. Blichfeldt, C. E. 
Corbin, P. H. Daus, C. H. Dix, A. L. Foster, Raymond Garver, E. C. Golds- 
worthy, F. L. Griffin, Hillel Halperin, O. G. Harrold, M. A. Heaslet, E. R. 
Hedrick, Harold Hotelling, C. A. Hutchinson, Dunham Jackson, D. H. 
Lehmer, D. N. Lehmer, C. F. Luther, L. H. McFarlan, W. A. Manning, R. G. 
Mason, E. L. Mickelson, W. E. Milne, C. B. Morrey, F. R. Morris, F. W. 
Owens, H. B. Owens, Gordon Pall, T. A. Pierce, T. M. Putnam, E. B. Roess- 
ler, Pauline Sperry, L. H. Swinford, J. V. Uspensky, Morgan Ward, W. M. 
Whyburn, A. R. Williams, E. B. Wilson, B. C. Wong, E. R. Worthington, B. 
F. Yanney. 

Luncheon for members and their guests was served at the 
Faculty Club of the University. 

In the afternoon a joint meeting was held with Section A 
and Section K of the American Association for the Advance- 
ment of Science, and the Econometric Society. The following 
program of invited addresses was presented, Professor Hedrick 
presiding: 

Boole’s challenge problem, by Professor E. B. Wilson. 

Individual demand functions with a limited budget, by Professcr 
Harold Hotelling. 

Mathematical principles in the theory of small samples, by 
Professor Dunham Jackson. 

A mathematical theory of production stages in economics, by 
Mr. J. M. Thompson. 

The titles of papers read at the morning session follow. Those 
whose abstract numbers are followed by the letter ¢ were read 
by title. Mr. Elconin and Mr. Taylor were introduced by 
Professor Michal, Sister Mary Cleophas Garvin by Dr. Regan, 
and Mr. Hittell by Professor Flanders. 


1. On the order invariants of integral quadratic forms, by Dr. 
Gordon Pall. (Abstract No. 40-3-190.) 
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2. Further properties of ternary continued fractions (prelimi- 
nary report), by Dr. Ruth G. Mason. (Abstract No. 40-5-206.) 

3. Mechanical invariants of the sweeping-out process, by Dr. 
C. H. Dix. (Abstract No. 40-5-211.) 

4. A necessary condition for the operability of systems of syn- 
chronous alternators, by Dr. W. H. Ingram. (Abstract No. 40-7- 
219-2.) 

5. Study of a series of the binomial type, by Professor W. M. 
Whyburn. (Abstract No. 40-7-220.) 

6. On the enumeration of magic cubes, by Professor D. N. 
Lehmer. (Abstract No. 40-7-221.) 

7. On an expansion of the remainder in the Gaussian quadrature 
formula, by Professor J. V. Uspensky. (Abstract No. 40-7-222.) 

8. New differentiability properties of the solution of a class of 
minimum problems (preliminary report) by Dr. C. B. Morrey, 
Jr. (Abstract No. 40-7-223.) 

9. The interpretation of a many-valued logic as an isomorphism 
between rings, by Professor Morgan Ward. (Abstract No. 40-7- 
224.) 

10. A note on group postulates, by Professor Raymond Garver. 
(Abstract No. 40-7-225.) 

11. The quadrics of a web that have a line of vertices, by Pro- 
fessor A. R. Williams. (Abstract No. 40-7-226.) 

12. On finite Boolean algebras, by Professor B. A. Bernstein. 
(Abstract No. 40-7-227.) 

13. An existence theorem for total differential equations in ab- 
stract vector spaces, by Professor A. D. Michal and Mr. V. 
Elconin. (Abstract No. 40-7-228-t.) 

14. Minimum values of quadratic forms, by Professor H. F. 
Blichfeldt. (Abstract No. 40-7-229.) 

15. On the inversion of infinite series, by Dr. D. H. Lehmer. 
(Abstract No. 40-7-230.) 

16. Arithmetic properties of a partition function, by Dr. Mar- 
shall Hall. (Abstract No. 40-5-200-2.) 


17. The distribution laws of the difference and quotient of vari- 
ables independently distributed in Pearson type III laws, by Dr. 
Solomon Kullback. (Abstract No. 40-5-199-t.) 
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18. A note on the distribution of a certain partial belonging 
coefficient, by Dr. Solomon Kullback. (Abstract No. 40-5-201-/.) 

19. On automorphisms of certain rings, by Dr. Jakob Levitski. 
(Abstract No. 40-5-202-t.) 


20. On equipotential curves, by Professor J. L. Walsh. (Ab- 
stract No. 40-5-203-z.) 


21. On the convergence of a generalized series and the relation 
of its coefficients to those of the corresponding power series, by 
Sister Mary Cleophas Garvin, S.N.D. (Abstract No. 40-5-204- 
t.) 

22. On Nevanlinna’s weak summation method, by Dr. A. F. 
Moursund. (Abstract No. 40-5-205-t.) 

23. On the representation of abstract Boolean algebras, by Dr. A. 
L. Foster. (Abstract No. 40-5-207-t.) 


24. Certain classifications of Boolean algebras, by Dr. A. L. 
Foster. (Abstract No. 40-5-208-2.) 

25. Boolean algebra and the abstract theory of algebraic ideals, 
by Dr. A. L. Foster. (Abstract No. 40-5-209.) 

26. On a generalized tangent vector, by Professor H. V. Craig. 
(Abstract No. 40-5-210-¢.) 

27. Extension of range of functions, by Dr. E. J. McShane. 
(Abstract No. 40-5-212-¢.) 

28. The exact modular periods of linear recurrences, by Dr. 
Marshall Hall. (Abstract No. 40-5-213-z.) 

29. On the automorphisms of Abelian groups, by Mr. Garrett 
Birkhoff. (Abstract No. 40-5-214-2.) 

30. On the automorphisms of groups of prime-power order, by 
Mr. Garrett Birkhoff. (Abstract No. 40-5-215-t.) 

31. Sets which are potentially regular relative to a collection of 
subsets, by Professor J. H. Roberts. (Abstract No. 40-5-216-t.) 

32. The coloring of spherical maps, by Mr. Irving Kittell. 
(Abstract No. 40-7-231-#.) 

33. Concerning certain locally peripherally connected spaces, by 
Mr. F. B. Jones. (Abstract No. 40-7-232-t.) 

34. Note on the period of a mark in a finite field, by Professor 
Morgan Ward. (Abstract No. 40-7-233-i.) 
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35. Note on the iteration of functions of one variable, by Profes- 
sor Morgan Ward. (Abstract No. 40-7-234-t.) 

36. Note on an arithmetical property of recurring series, by 
Professor Morgan Ward. (Abstract No. 40-7-235-t.) 

37. Uniform set-theoretic characterizations for closed n-cells, 
by Professor D. W. Woodard. (Abstract No. 40-7-236-2.) 

38. The effect of dumping on monopoly price, by Professor 
Raymond Garver. (Abstract No. 40-7-237-t.) 

39. Loci of m-spaces joining corresponding points of m+1 
projectively related n-spaces in r-space, by Professor B. C. Wong. 
(Abstract No. 40-7-238-t.) 

40. Linear systems of hypersurfaces in space of r dimensions, 
by Professor B. C. Wong. (Abstract No. 40-7-239-t.) 

41. On integral invariants of non-holonomic dynamical systems, 
by Mr. A. E. Taylor. (Abstract No. 40-7-240-t.) 

42. The relation between Lewis's strict implication and Boolean 
algebra, by Professor E. V. Huntington. (Abstract No. 40-7-241-t.) 


T. M. Putnam, 
Associate Secretary 
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THE SCIENTIFIC WORK OF ELIAKIM HASTINGS MOORE 


1. Introduction. In a previous number of this Bulletin* the writer of these 
pages has published a biographical sketch of the life of Eliakim Hastings 
Moore. No account of his life can approximate completeness, however, without 
a more detailed description of his scientific activities than was given there. 
His enthusiasm for mathematical research was a dominant one, more char- 
acteristic of him than any other, in spite of the fact that he had many admin- 
istrative and editorial responsibilities which often interfered seriously with his 
scientific work. He had a catholic interest in all domains of mathematics and a 
breadth of knowledge which was remarkable. I have known few men with so 
great an appreciation of the mathematical efforts of others, or so well qualified 
to discuss them in many different fields, qualities which were an important 
part of his insignia of leadership. If there were two characteristics of his re- 
search which could be distinguished above others, I should say that they would 
be rigor and generality. He strove for precision in thought and language at a 
time when vagueness and uncertainty were common in mathematical literature, 
and he profoundly influenced both students and colleagues in this respect by 
his teaching and example. He was furthermore among the very first to recog- 
nize the possibility and importance of the great generality in analysis which is 
now sought by many writers. 

Moore was a prolific thinker, though not throughout his lifetime a prolific 
writer. His papers, as given in the bibliography at the end of this article, fall 
roughly into the groups indicated in the following table which lists the numbers 
of the items in the bibliography belonging to each field and the dates of the 
first and last papers in each group: 


I. Geometry; 1-4, 28, 41, 43-44, 47, 63; 1885-1913. 
II. Groups, numbers, algebra; 6-9, 12, 13, 15-18, 20-27, 29, 32, 33, 42, 46, 
48, 53, 60, 68, 69, 71; 1892-1922. 
III. Theory of functions; 5, 10, 11, 14, 19, 30, 31, 35-40, 52, 59, 67, 73, 74; 
1890-1926. 
IV. Integral equations, general analysis; 50, 51, 54, 56, 58, 61, 62, 64-66, 
70; 1906-1922. 
V. Miscellaneous; 34, 45, 49, 55, 57, 72; 1900-1922. 


The table indicates fairly well, I think, the sequence of his major interests, 
though it does not represent adequately the relative enthusiasms with which 
he pursued them. The domains suggested in the second and fourth entries 
were the ones to which he gave most thought. His studies in algebra 
and the theory of groups fell in the period of his greatest activity as a writer, 
while integral equations and general analysis were his absorbing interest 
during the latter part of his life when he published least. For general analysis, 
in particular, he never lost his enthusiasm. He continued his speculations in 
that field into the last year of his life, as long as his strength permitted. 


* Vol. 39 (1933), pp. 831-838. 


_ 


502 G. A. BLISS [July, 


The synopses of Moore’s papers in the following pages are necessarily 
brief, but I hope that they may indicate clearly the development and sequence 
of his major interests. For analyses and evaluations of the papers in the first, 
second, and fourth groups of the table I am greatly indebted to my colleagues, 
Professors Logsdon, Dickson, and Barnard, respectively. 

2. Geometry. Moore’s papers on geometry fall for the most part into two 
groups, an early one concerned with algebraic geometry, and a later series of 
three papers on postulational foundations. In his doctoral dissertation (1)* of 
1885, written when he was 23 years old, Moore generalized to irreducible r- 
spreads of order three theorems of Clifford concerning skew curves. Such an 
r-spread always lies in a flat space of n+r—1 dimensions or less. If it lies in no 
space of fewer dimensions its points are in one-to-one correspondence with 
those of an r-spread of order n—k+r-+1 in a flat space of r+1 dimensions, and 
it is unicursal. Furthermore every flat section of such an r-spread is also uni- 
cursal. In a second part of the paper Moore discusses 2-spreads of order m. 
By projecting such a surface on two planes he sets up a Cremona transforma- 
tion between the planes, and uses this correspondence to obtain a canonical 
equation of the surface in (m-+1)-space and properties of its osculating flat 
spaces and the spreads generated by them. The consideration of curves on the 
surface leads to a curvilinear generalization for them of Pascal’s theorem con- 
cerning a hexagon, and to various generalizations of the theory of plane 
curves. In the latter part of the paper he generalizes to spreads of odd order on 
hyper-quadrics theorems which Cayley had deduced for super-lines of quadric 
surfaces in five dimensions. 

The second paper (2) was a note, with C. N. Little, probably written be- 
fore his dissertation but published in 1886, concerning the number and char- 
acter of the regions into which a plane is divided by straight lines. Some 
special cases of the division of spaces of k dimensions by flat spaces of kK—1 
dimensions were also discussed. 

The paper (3) of 1888 is concerned with Picard’s theorem stating that the 
only algebraic surfaces whose plane sections are unicursal are unicursal ruled 
surfaces and the surface of fourth order of Steiner. It is proved that such a sur- 
face may be regarded as the projection of a unicursal surface of the same order 
N in a flat space of N+1 dimensions. Moore also arrives incidentally at the 
result, not formulated explicitly, that every complete linear system of plane 
curves of degree m can be transformed, by a Cremona transformation, either 
into a system of curves of order m possessing an (m—1)-fold base point and 
n—1 simple base points, or into the system of «5 conics. 

In the paper (4) of 1888 Moore studied the conditions for six points Ki, 
(¢=1,--- , 6), ina plane to form two curvilinearly perspective triangles in a 
net of conics. If the points K; and two of the base points of the net, H; and H:, 
are selected arbitrarily, the third base point H; and the center J of curvilinear 
perspectivity are corresponding points of an involution on a quartic curve 
which has H; and H2 as double points and passes through the six points K;. 
If the points K; form two perspective triangles in the ordinary straight line 


* The numbers in parentheses refer to the bibliography at the end of this 
paper. 
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sense, then the above-mentioned quartic reduces to the straight line HiH2 
and a cubic of the pencil of cubics through the eight points H, He, K;. If the 
points K; form more than one pair of rectilinearly perspective triangles, they 
will have corresponding curvilinear perspective properties in every net of 
conics having base points Hi, H2, H; which with the points K; are the nine 
base points of a pencil of cubics, and conversely. By applying quadratic Cre- 
mona transformations to these configurations Moore finds necessary and 
sufficient conditions for six points to have curvilinear perspective properties 
analogous to those described above in nets of curves of order 2”. 

The qualities exhibited by Moore in this early group of papers were in 
many ways characteristic of his research throughout his life. The theory of 
linear systems of plane curves, which he freely uses, was at that time a central 
interest in algebraic geometry, as indicated for example in numerous papers 
which appeared between 1884 and 1887 in the Palermo Rendiconti. The skill 
which Moore showed in handling such systems, and the elegance of his results, 
are indicative of unusual power in so young a man, and the problems which he 
studied were fundamental ones for the algebraic geometry of that period. 

Moore published in 1900 one further paper (28) on algebraic geometry 
which might also be classed in Group II of the above table. The anharmonic 
ratios formed from m variables 2, - - - , 2, are all expressible rationally in terms 
of a fundamental system (Zn, Zn—1, Zn-2, 21), (4=1,--- , m—3), consisting 
of n—3 of them. The m! fundamental systems formed by permuting the vari- 
ables z are therefore all rationally expressible in terms of (11, + -- , fn-s), and 
a group of m! Cremona transformations of the (7—3)-dimenSional flat space 
of points (71, - - - , fn-3) is thus defined. The group has as a sub-group Klein’s 
group of (n—1)! collineations which permute a certain set of n—1 fixed points 
Px, (k=1,---,2—1), among themselves. The remaining transformations of 
the group are n!—(n—1)! Cremona transformations whose critical figures are 
included in the complete (m—1)-gon of points P;.* For the Klein group 
mentioned above Moore found a fundamental region in the paper (32). 

The appearance of Hilbert’s book on the foundations of geometry in 1899 
attracted the attention of Moore and his students to postulational methods, 
including the earlier work of Pasch and Peano as well as that of Hilbert. In 
his paper (41) of 1902, Moore gave a new formulation of a system of axioms for 
n-dimensional projective geometry, using points only as undefined elements in- 
stead of the points, lines, and planes of Hilbert in the 3-dimensional case, 
and defining k-spaces as classes of points with suitably postulated properties. 
Schur had asserted in 1901 that a certain three of Hilbert’s axioms were provable 
from certain others. This statement Moore showed to be incorrect. He did, 
however, find that two of Hilbert’s axioms are redundant. Moore’s papers (43, 
44) were also concerned with foundations, but were perhaps of lesser import- 
ance. 

A final paper (47) which may be classed with the geometrical group con- 


* A more detailed discussion for the case n=5 was given by H. E. Slaught 
in his dissertation, The cross-ratio group of 120 quadratic Cremona transforma- 
tions of the plane, American Journal of Mathematics, vol. 22 (1900), pp. 343- 
388. 


504 G. A. BLISS (July, 


tains a proof that through every pair of points in the upper half-plane there 
passes one and but one of a two-parameter family of very general arches. This 
result isa generalization of a well known theorem concerning the cycloid arches 
of the brachistochrone problem in the calculus of variations. 

3. Groups, Numbers, Algebra. Moore early became interested in the theory 
of abstract groups, one of the fields of research in which he was at various times 
most deeply engaged. An abstract of his first paper (6) in this field appeared in 
1892, but his first published paper was the paper (8, 16) of 1893. If g is a prime 
greater than 3, the group of the modular equation for the transformation of 
elliptic functions of order g is known to consist of all linear fractional trans- 
formations on one variable having integral coefficients, taken modulo g, of 
determinant unity. The generalization in the paper (8) is the case in which the 
coefficients are Galois imaginaries, that is, polynomials in x taken with respect 
to the moduli g, f(x) where f(x) is an irreducible polynomial modulo g. Moore 
also proved in this paper the interesting and important theorem that every 
finite field is a Galois field. In the later paper (46) of 1903 he determined all of 
the sub-groups of his generalized modular group. 

An isomorphism of an abstract group G was defined by Moore in the paper 
(9) of 1894 to be a substitution on the elements of G which preserves the multi- 
plication table of G. The resulting group of isomorphisms had been defined 
independently by O. Hélder.* Later, in the paper (13) of 1895, Moore took G 
to be the Abelian group of order p" of type (1, 1, - - - , 1), and proved that its 
group of isomorphisms is Jordan’s group of all linear homogeneous transforma- 
tions on variables whose coefficients are integers taken modulo a prime p. 
He defined three related tactical configurations. Elsewhere, in the paper (21) 
of 1897, he defined abstract groups which are simply isomorphic with the 
general symmetric and alternating substitution groups. In the paper (23) of 
1896 and 1898 Moore announced his discovery of the important fact that every 
finite group G of linear transformations on n variables has a Hermitian invari- 
ant. If one starts with any positive Hermitian form, applies to it all of the 
transformations of G, and adds the resulting forms, the sum is evidently in- 
variant under G. This theorem was announced independently by A. Loewy 
and Fuchs. 

One should mention here the interesting group of Cremona transformations 
in Moore’s paper (28, 32) of 1900, described in an earlier paragraph above. 
His definitions of an abstract group, in the papers (42, 48) of 1902 and 1905, are 
well known. 

Several of his papers (7, 12, 22, 24) employ the notion of a triple system, 
that is, an arrangement of 7 letters in triples (the order of the letters in a triple 
being immaterial) such that every pair appears exactly once in some triple. 
For n=7 the unique triple system of the ordered letters a bc dr s t is abc, adr, 
ast, bds, brt, cdt, crs. As an application Moore studied in the paper (26) of 1899 
the resolvent equation of degree 15 of the general equation of degree 7 by using 
the 30 equivalent triple systems in 7 letters (each invariant under a group of 
168 even substitutions whose index under the alternating group is 15). Next he 
used a quadruple system in 8 letters such that every triple appears in one and 


* Mathematische Annalen, vol. 43 (1893), p. 314. 
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only one quadruple. There are 14 quadruples in the system. Each quadruple 
system is invariant under a group of 8168 even substitutions whose index 
under the alternating group of order 8!/2 is 15. Hence the general equation of 
degree 8 has a resolvent of degree 15. 

Finally Moore applied groups, in the paper (18) of 1896, to a highly ab- 
stract theory which includes as special cases whist tournament arrangements, 
and various generalizations of the problem of 15 school girls involving a triple 
system with »=15. 

Moore published also a series of papers concerning the theory of numbers 
and modular systems. In homogeneous form Fermat’s theorem states that 
x?y—yP?x is identically congruent to a product of linear functions modulo a 
prime p. Moore proved, in the paper (17) of 1896, the corresponding theorem 
for the determinant 


x 
xP oP 


and for the analogous determinant of order n. In the paper (53) of 1907 the 
modular system composed of the coefficients of the difference between the 
determinant and the product of linear functions modulo p mentioned above 
was decomposed into prime modular systems. Elsewhere, in (20) of 1897, 
Moore filled a gap in a proof by Molk concerning general modular systems. 

The papers (29, 15) of 1900 and 1896 were devoted to algebraic questions. 
In the former Moore discussed a determinant D each of whose elements is a 
product of two factors, in particular, the factorization of D into determinants. 
In the latter he denotes by f(x, m) the function 


a+ h(m + x) + bmx + g(m? + x?) + (mx + x2m) + cm*x* 


symmetric in m, x and of degree 2 in each. Let x1, x2 be the roots of f=0. 
Then f(x:, x2) is zero identically in m if and only if (6—g)g+-ac—fh=0, except 
when f is g(x—m)?. 

4. Theory of Functions. Moore's interest in the theory of functions was first 
indicated in a paper (5) of 1890 concerning elliptic functions, and a second 
paper (11) of 1895 concerning the characteristics of theta-functions. They 
were a completion and revision of proofs of theorems by Halphen and Prym, 
respectively. A much more important contribution, showing perhaps for the 
first time his full power in analysis, was his memoir (19) of 1896 concerning 
transcendentally transcendental functions, inspired by Hélder’s proof that the 
function I'(x) satisfies no algebraic differential equation with coefficients ra- 
tional in the variable x. Moore defines a “realm of rationality” as the totality 
of rational functions of m analytic functions f;(x) (¢=1,- - - , 2) having a com- 
mon domain of existence, the coefficients in the rational functions being com- 
plex constants. A function ¢(x) is transcendentally transcendental with re- 
spect to such a realm if it satisfies no algebraic differential equation with coefh- 
cients in the realm. Moore established an ingenious sufficient condition that 
a function satisfying a functional equation of very general type shall be trans- 
cendentally transcendental, and applied it to show that this property is pos- 
sessed by the two functions 
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2) = integer > 1), 
v=0 


defined for | x| <1 and real part of y negative and satisfying the functional 
equations ¢(x*) =¢(x) —x and ¥(ay) =y(y) —e”. In the latter part of the paper 
he applies his methods to prove that every solution of the functional equation 
I'(x+1) =xI'(x) is transcendentally transcendental in the realm of rationality 
of the single function f;(x) =x. 

In 1900 mathematicians in this country were greatly interested in Gour- 
sat’s recapitulation, in the first volume of the Transactions of the American 
Mathematical Society, of his proof of Cauchy’s theorem for a function f(z) 
without the assumption of the continuity of the derivative f’(z). In a paper (31) 
of the same year Moore exhibits a proof of this important result by an indirect 
method which seems unusually useful and effective. 

Weierstrass described a continuous plane curve possessing nowhere a tan- 
gent, and Peano and Hilbert have given examples of continuous plane curves 
x=¢(t), y=¥(é) which completely cover portions of the plane. In his paper 
(30) of 1900 Moore re-studies in illuminating geometrical-analytical fashion 
the curves of Peano and Hilbert. He re-defines geometrically the ty-curve 
y=v(8) of Peano and shows that it also is an example of a continuous curve 
possessing nowhere a well-defined tangent. It is in some ways a more interest- 
ing example than that of Weierstrass since it is possible to show that the 
curve has nowhere a progressive or regressive non-vertical tangent, and to 
characterize the points, everywhere dense on the curve, at which it has 
progressive or regressive vertical tangents. 

In 1901 Moore published three papers (35, 36, 37) on improper definite 
integrals. They were concerned especially with theories of Harnack, Stolz, 
Jordan, Hélder, Schoenfliess, and de la Vallée Poussin, which occupied a domi- 
nant position in the theory of integration up to the time of the development of 
the newer theories of Borel, Lebesgue, and their followers. As the basis of his 
theory Moore adopted and improved notions of Harnack. Let Z be a closed 
point set of Jordan measure zero on a finite interval a<x <b, and let F(x) bea 
real single-valued function at each point of ab not in =. Let J bea set of a 
finite number of discrete intervals containing the points of = as interior points, 
and let F7(x) be a function equal to F(x) outside of J and equal to zero on I. 
Then the =-integral of F(x) on ab 


fr (x)dx 


is said to exist if the Riemann integral of F(x) exists on ab for every J and ap- 
proaches a finite limit as the measure of J approaches zero. There are two kinds 
of =-integrals, the “narrow” and the “broad”, according as every interval of 
the set J is required to contain at least one point of = or not. The two types 
have differences analogous to those of conditional and absolute convergence. 
In his first paper (35) Moore analyzed these differences and gave a masterly 
discussion of Harnack integrals and their relations to the improper integrals of 
other writers. Preceding memoirs contained a number of important theorems 
whose truth had been doubted or falsely asserted. In characteristic fashion 
Moore established by proofs the ones which were true and constructed ex- 
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amples showing the failure of the others. His second paper (36) in this field 
was an outgrowth of the first. It contains a classification of the improper 
integrals of preceding writers and a definition by postulational methods of a 
new and more general type including the others as special cases. The paper (37) 
is concerned with two integrability theorems of Du Bois-Reymond. The first 
states that a continuous function of integrable functions is integrable, and the 
second that an integrable function of integrable functions is integrable. Moore 
generalizes the former of these theorems and gives an example to show that 
the latter is incorrect. Professor Oswald Veblen has recently remarked to me 
that the relative effectiveness of the integration theory of Borel and Lebesgue, 
and other equivalent theories, is undoubtedly due to the presence of the two 
limiting processes which they utilize, a first in the definition of measure and a 
second in the subsequent definition of the integral. It is evident, even from the 
brief description above given, that the former of these limiting processes is 
absent in the older theories in which Moore and many others were interested. 

The paper (52) is a note explaining in interesting fashion how the Fourier 
constants of a product f(x)g(x) can be determined from those of f(x) and g(x) 
by a calculation involving as its principal step the formal multiplication of 
two Laurent series. 

The paper (73) on a general theory of limits by E. H. Moore and H. L. 
Smith, published in 1922, should perhaps be classed with the papers on general 
analysis, but it has great interest for students of the theory of functions in 
general. In his general analysis theories Moore had introduced the following 
notion of a limit. Let Q be a class of elements g and S the class of all finite 
classes s of elements g. A numerically valued function a(s) on the range S is 
said to converge to a number a as a limit if for every e>0 there exists a class 
s- such that |a(s)—a| <e for every class s containing s-. The paper here under 
discussion gives a definition of a generalized limit which includes the ordinary 
limit of a sequence and the limit just described, as well as many other conceiv- 
able cases, as special instances. Let P be a class of elements p and R a relation 
such that for every pair of elements 1, p2 of P the element f; is either in the 
relation R to #2 or not. Let a(p) be a numerically valued function on the range 
P. Then a(p) has by definition the limit a provided that for every e>0 there 
exists an element p, such that |a(p)—a| <e for every p in the relation R to 
pe, in notation p R p-. The relation R is supposed to be transitive, so that 
pi R prand p2 R ps imply p; R p3;, and it has the composition property that for 
every pair of elements 1, p2 there exists an element 3; such that p; R p; and 
ps R p2. The paper contains a thorough analysis of the properties of these 
limits including such topics as uniform convergence, double limits, and a re- 
vised formulation of theorems of Fréchet concerning compact sets and covering 
theorems. 

5. Integral Equations, General Analysis. Moore’s interest in the postula- 
tional foundations of various mathematical theories was indicated as early as 
1893, in his paper (8, 16) in which he set down simple postulates for an ab- 
stract field and showed that every such field is the abstract form of a Galois 
field. It was an interest which appeared frequently in his papers, however, 
notably in his characterization (36) of a generalized type of improper integral, 
in his papers (42-44) on the foundations of geometry, in his definitions (41, 48) 
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of an abstract group, and in his presidential address (45) on the foundations of 
mathematics. In the early years of this century, when various theories of 
integral equations followed one another rapidly, his attention was led quite 
naturally, in accord with this interest in foundations, to the formulation of 
postulational theories which should include as special instances numerous 
known theories of linear equations. His guiding principle, as often stated, was 
that “the existence of analogies between central features of various theories 
implies the existence of a general abstract theory which includes the particular 
theories and unifies them with respect to those central features.” 

Moore found that the special theories of linear equations which he desired 
to unify could be regarded as special instances of a general theory of linear 
functional equations in which the functions u(p) involved are defined on an 
entirely unrestricted range P of elements p. In his efforts to preserve the gener- 
ality necessary in this range he soon discovered that it was impractical to try 
to generalize such properties as continuity or differentiability of functions. He 
was able to leave the range quite unrestricted, however, if he presupposed that 
the functions » with which he was working belonged to a class Jt of such func- 
tions, and if he postulated suitable properties for the class ))t as a whole. This 
idea was effective in generalizing the theory of linear equations, and it seemed 
to promise similar extensions in many other domains of mathematics. Thus 
Moore was led to the comprehensive development of the theory of classes of 
functions on a general range which he called “general analysis”. 

The principle of generalization quoted above was the dominant note of 
Moore’s colloquium lectures at Yale University in 1906, but his paper (54), 
presented at the International Congress of Mathematicians in Rome in 1909, was 
the first detailed publication indicating the form which the theory of general 
analysis was taking in his mind. The functions u which he studied in this paper 
have numerical values »(p) defined foran entirely arbitrary rangeP of elements 
p. The class It to which they belong possesses, besides the usual linearity 
properties, the so-called properties of dominance and self-closure, and a com- 
position property. Functional transformations between classes of functions are 
considered, and various properties of these transformations, such as linearity, 
boundedness, and norm properties, are introduced. The result was a general 
theory of transformations which included the transformations of the special 
cases of linear equation theory from which Moore started, and of course much 
more besides. Instances of the general theory are the class Jt of Hilbert se- 
quences regarded as functions of p on the range of elements p=0, 1,2,--- , the 
class of continuous functions on the range 0 <p S1, and their transformations. 
The success of Moore's theory in including such heterogeneous special cases 
was dependent largely upon his notion of uniform convergence with respect to 
a scale-function, which was frequently effective in his work, and which will be 
described somewhat further in a later paragraph of this paper. The paper closes 
with a study of the linear functional differential equation 


p(t, p)/at = Kp, (4 StS hb; pin 
where K is a linear functional transformation taking p(t, p) into a function of 


the same arguments. The differential equation with suitable initial conditions 
is equivalent to a linear integral equation which has a unique solution. 
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The memoir (56), published in 1910, is a systematic introduction to the 
form of general analysis, which, as indicated above, was inaugurated in Moore’s 
colloquium lectures of 1906. The first part of the lectures is devoted toa study 
of the closure and dominance properties of classes It of real single-valued func- 
tions u on a general rangeP of elements p. Much use is made of the important 
notion of uniform convergence of a sequence yn, (n=1, 2, -- - ), to a function 
u relative to a scale function o. Such convergence means that for every e>0 
there exists an integer m, such that | un(p) —p(p)| <eo(p) for every n>n, and 
p in P. The second part of the paper is concerned with properties of a class of 
functions of two variables on two general ranges, the class being obtained by 
various extensions of the class of products of pairs of functions from two of the 
classes considered in the first part of the paper. Desirable properties of the 
product class may be obtained by imposing suitable properties on one or both 
of the component classes. 

In two papers (58, 61) of the years 1912 and 1913, respectively, Moore gave 
in essential outline the Fredholm theory of linear integral equations, and the 
Hilbert-Schmidt theory of integral equations with Hermitian kernels, from the 
point of view of his general analysis. In the former of these papers he notes that 
an obvious basis for the Fredholm theory, in notation QI; P; IM: KR; J), consists 
of theclass 2 of real numbers, a range P of undefined elements , a class It of 
functions zon P aclass® of kernel functions « on pairs (p’, p’’) and 
a linear functional operation J. The functional equation studied has the form 
£=—zJ«n, where z is a real parameter, ¢ and x are given functions in their 
respective classes JJt and &, anda solution 7 is to be found in Jt. By means of 
the developments in his previous paper (56) he successively finds modified or 
simplified bases, altogether six in number, with respect to which the theory 
can be carried through. It is interesting and important to note that on account 
of the flexibility of the range P the theory of a system of linear equations for 
functions 7 of several variables is included in the theory of a single equation for 
a single function 7 of a single variable p. The paper (61) of 1912 is concerned 
especially with results analogous to those of the Hilbert-Schmidt theory of 
linear integral equations with symmetric or Hermitian kernel functions «. 
Very general results are found by means of a theory of linear Hermitian posi- 
tive definite functional operations. As has been remarked by Professor T. H. 
Hildebrandt,* the methods of Moore in the theory of linear functional equa- 
tions are epoch-making in that they shift the attention from the properties of 
individual functions to properties of classes of functions, and from the form 
of the operator J to its properties, thus attaining far-reaching generality. 

The characteristic value problem in the theory of linear equations involving 
a denumerable infinity of variables, as presented for example by Hilbert, gave 
rise to results which Moore failed to attain in the general theory which he had 
developed in the papers described in the preceding paragraphs. Attempts to 
modify his theory led to such complexities that he finally abandoned the 
highly postulational method of attack in favor of a constructive theory. The 
results which he attained are in their final formulation concerned only with a 


* In his address at the memorial meeting of the American Mathematical 
Society in honor of E. H. Moore, Chicago, April 14, 1933. 
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positive Hermitian matrix function «¢ of pairs of arguments (p’, p’’) on the same 
range P, and with suitable definitions of an integration process J and a class 
of integrable functions. In terms of these notions he developed in the years 
following 1915 a theory of integral equations, characteristic values, and ex- 
pansions, which is a generalization of the analogous theory for the limited 
matrices of Hilbert. The details of this work of Moore have remained for the 
most part unpublished, but are now being assembled and will appear in print. 
The limiting process which was used in defining his integral was first described 
in the paper (65) of 1915, but was afterward presented in more detail in the 
joint paper (73) with H. L. Smith published in 1922 and described in a preced- 
ing paragraph. The paper (70) of 1922, on power series in general analysis, 
gives the most important results of a chapter in the new theory which may be 
roughly described as a generalized Fourier series theory. The first part of the 
paper gives an illustration of these results by means of an application to cer- 
tain types of power series in which the number of variables is not necessarily 
denumerably infinite. 

In the bibliography at the end of this paper a number of abstracts (50, 51, 
62, 64, 66) are listed which were concerned with general analysis. Of these the 
first four have to do with Moore’s earlier theory, and the contents of the 
papers they describe are either included in his more extensive memoirs, or are 
associated with parts of the theory in a readily understandable way. The last 
(66) is the title only of an address by Moore in 1915 as chairman of the Chicago 
Section of the American Mathematical Society. It undoubtedly concerned the 
second theory of general analysis which was then taking form in his mind, but 
we have not been able so far io find a record of it other than what may be con- 
tained in the manuscripts of the theory now being prepared for publication. 

In concluding these remarks concerning Moore’s theories of general analy- 
sis I wish to call attention to a sentence from the address of Professor E. W. 
Chittenden at the memorial meeting referred to on a preceding page: “The 
justification for general analysis and similar general theories will not be found 
in the contributions which are made to the special theories which suggest the 
generalization. Nevertheless, minor contributions do result from the methods of 
approach required by the general point of view. The desired justification lies 
in the contribution of the general theory to a more perfect comprehension of 
the nature and significance of the underlying mathematical elements, in the 
resulting clarification and condensation of proof, and in the extension of the 
range of application for a significant group of ideas”. 

6. Miscellaneous Papers. The titles of the papers in the group designated as 
miscellaneous in the table are for the most part self-explanatory. Three of 
these should be mentioned more explicitly, however, Moore’s addresses (45, 
55, 72) as retiring president of the American Mathematical Society in 1902, at 
the 20th anniversary of Clark University in 1909, and as retiring president of 
the American Association for the Advancement of Science in 1922. The first 
contains in its earlier pages an illuminating description of Moore’s conception 
of the logical structures of pure and applied mathematical sciences, the latter 
part being devoted to a discussion of the pedagogical methods by means of 
which one might hope to establish such concepts clearly in the minds of stu- 
dents in our schools, colleges, and universities. It was written at a time when 
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Moore himself was greatly interested in a laboratory method of instruction for 
college students of mathematics, and at the height of the so-called Perry move- 
ment in England which aroused great interest and discussion among those re- 
sponsible for instruction in the mathematical sciences in our own country. 

The second paper (55) was apparently unpublished and we have as yet 
found no manuscript. But there is a somewhat informally written paper with 
nearly the same title and date in the archives of the Department of Mathe- 
matics at the University of Chicago. There seems little doubt that it contains 
the material of the Clark address. It contains a non-technical description of the 
work of Pasch, Peano, and Hilbert on foundations of geometry, and of the con- 
tributions of Cantor, Russell, and Zermelo to the theory of classes. 

The address (72) as retiring president of the American Association was 
also unpublished, but a type-written copy is extant. It is a description of the 
historical development of the number systems of mathematics with the pur- 
pose of establishing the interesting thesis that mathematical theories, though 
well recognized as highly deductive in their ultimately sophisticated forms, are 
nevertheless the products of inductive developments similar to those well 
known in the laboratory sciences. 

Moore presented numerous papers before the American Mathematical 
Society whose contents did not afterward appear in print or which appeared 
under different titles. The very interesting notions which he had concerning 
double limits in the paper (38), for example, were developed in Chapter IX of 
his lectures on “Advanced Integral Calculus” in 1900, a hand-written account 
of which by Professor Oswald Veblen is in the University of Chicago library. 
The material described in the abstract (67) seems to be included in somewhat 
modified form in the published paper (73), and (74) is a part of Moore’s second 
theory of general analysis now in preparation for publication. 
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BAUER ON THEORY OF GROUPS 


Introduction 4 la Théorie des Groupes et a ses Applications 4 la Physique Quan- 
tique. Extrait des Annales de I’Institut Henri Poincaré. By E. Bauer. Paris, 
Presses Universitaires de France, 1933. 170 pp. 


The concept of group is one of those very few primitive and fundamental 
ideas which play the part of an ordering, suggestive, and guiding principle in 
all branches of mathematics and wherever mathematics is applied. It is there- 
fore a great satisfaction to the mathematician that not only the concept and 
some obvious statements about it, but also the deepest and most interesting 
part of group theory, dealing with the representation of groups by linear 
transformations, prove to be of paramount import to quantum mechanics. This 
close relationship is a subject so attractive from all points of view—mathe- 
matical, physical, philosophical, and even aesthetic—that it has allured 
writer after writer. Group theory accounts for the kinematical or combinatorial 
aspect of quantum mechanics, in particular for the schemes of atomic and 
molecular spectra, leaving aside the manner in which dynamics vests this 
skeleton with flesh and blood. Two groups stand in the foreground: first, the 
group P of permutations (of the electrons in a given atomic structure)—be- 
cause of the essential likeness of all electrons; second, the group R of rotations 
around the origin O in 3-dimensional euclidean space—because the kinematic 
and dynamic constitution of an atom with the fixed nucleus in O is spherically 
symmetric. 

After the reviewer’s treatise on group theory and quantum mechanics, 
E. Wigner, who first discovered and explored the whole domain, gave his com- 
petent account, and was followed by van der Waerden’s comprehensive and 
perspicuous presentation. The book under review, addressing the French 
scientist, cannot claim the same originality as Wigner’s or van der Waerden’s 
treatments. Nor does it cover the whole ground; it omits the more difficult 
parts: the general theory of the exchange phenomenon (group of permutations) 
and its applications to the classification of spectral lines and to chemical bind- 
ing, quantum theory of radiation and quantization of the material and electro- 
magnetic field equations, finally all things that are linked up with relativity 
including Dirac’s dynamics of the spinning electron. The book intends to give 
an introduction only, by developing the fundamental ideas and illustrating 
them by the easiest acceptable physical instances. Within these limits it is a 
thoroughly readable, clear, and reliable narrative of the mating between groups 
and quanta. 

Chapters I (Vector space unitary geometry), II (Principies of quantum 
mechanics) and III (Group theory), are arranged very similarly to the same 
chapters of the reviewer’s book mentioned above. When defining the moment 
of momentum in Chapter II, the author grazes its group theoretical signifi- 
cance at once: namely, that it consists of the operators corresponding to the 
infinitesimal rotations of the functional space of wave functions. The theory of 
perturbation is given only as an answer to the question how the energy terms 
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shift and split under the influence of the perturbing forces; quasi degeneracy 
(energy levels differ by quantities of the same order as the perturbing energy) 
is discussed along with actual degeneracy. The other problem, how the prob- 
ability of a quantum state ascertaining a definite value to the unperturbed 
energy varies in time under the influence of perturbation, is not discussed. The 
examples in this part are scarce. The reader looks in vain for treatment of the 
electron moving in a Coulomb field, for any Stoss-problems. Heisenberg’s 
general scheme corresponding to Hamilton’s canonical equations in classical 
mechanics, with its commutation rules and canonical transformations, is like- 
wise omitted. The quantum theory of interaction between matter and radia- 
tion lies beyond the scope of the present work. Zeeman and Stark effects are 
taken up in the last chapter of the book in connection with the group of rota- 
tions. 

Chapter III makes use of the transcendental methods of group theory and 
the calculus of characters. In an appendix, however, all irreducible representa- 
tions of the group R of rotations are derived by Cartan’s infinitesimal, purely 
algebraic, and hence “elementary” approach. (The last point at which one still 
needed recourse to a transcendental consideration in the quantum applications 
of group theory—full reducibility of the representations of R—has recently 
been settled by Casimir and Pauli; more generally for all semi-simple infinites- 
imal groups by van der Waerden.) 

Chapter IV is dedicated to “General applications to quantum mechanics.” 
It centers around Wigner’s theorem: a transformation in the configuration 
space leaving the Hamiltonian invariant sends every quantum state into a 
quantum state of the same energy level. The little that is said about permuta- 
tions finds its place here. 

Chapter V (Rotations in space) deals in detail with the quantum mechan- 
ical consequences of the rotational symmetry of space: inner quantum number 
j, tules of selection and intensity. The Clebsch-Gordan decomposition of the 
Kronecker product of two irreducible representations D; and Dj of R: 

shows how the moment of momentum behaves when two kinematically inde- 
pendent systems are added to form a single system. The spin phenomenon is 
predicted in a general way from the double-valued representations of R (half 
integral j’s) only after this has been discussed in detail from the mathematical 
standpoint. Pauli’s idea of two-component wave function turns up and ac- 
counts for the distinction between azimuthal and inner quantum number 
(orbital, spin, and total momentum). Here the narrative breaks off just before 
the next event of the drama, after Schroedinger’s great discovery: Dirac’s 
relativistically invariant wave equation. 

The book will prove useful for both mathematical and physical readers. 

H. WEYL 
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Lehrbuch der hiheren Mathematik fiir Universititen und Technische Hoch- 
schulen. Volume III. Bearbeitet nach den Vorlesungen von Dr. Gerhard 
Kowalewski. Berlin and Leipzig, de Gruyter, 1933. 252 pp. 


Much of this volume is devoted to a continuation of the study of differ- 
ential and integral calculus begun in volume 2. A careful and precise develop- 
ment is made of some of the more advanced topics of calculus. For example, in 
the discussion of higher derivatives and differentials the author develops in 
turn Newton’s first, second, . . . , nth difference quotients, thus obtaining the 
coefficients of the polynomial of degree m which coincides with f(x) for (n+1) 
distinct values of the independent variable. From this approximation polyno- 
mial he obtains John Bernoulli’s integral form of the error term in Taylor’s 
formula and conversely. By means of Taylor’s formula analytical conditions 
for a maximum or minimum of a function of a single variable are obtained. 
There follows an excellent discussion of Taylor’s formula with the customary 
developments of transcendental functions, algebraic functions, Newton’s 
binomial series, functions defined by integrals, and power series. 

The chapter dealing with integration of certain classes of functions is well 
written. A complete exposition of the integration of rational functions of a 
single variable leads to the treatment of elliptic integrals with an application 
to the pendulum problem and a brief note on hyperelliptic integrals. 

In the section on differentials of functions of several variables, the author 
recurs to the vector space notions introduced in volume 1, viz., the vector 
r=xi+yj+zk (Ortsvektor) from the origin to the point (x, y, z) and the dis- 
placement vector idx+-jdy+-kdz=dr. This leads to Taylor’s theorem for several 
variables and to the discussion of maxima and minima of functions of several 
variables, implicit functions, and maxima ind minima with neighboring con- 
ditions. The first chapter closes with an indication of the geometric meaning of 
differentials, a treatment of multiple integrals, the general Gauss integral theo- 
rem, from which are derived among other things the theory of the Amsler 
planimeter, and finally, some geometric applications of double integrals. 

This first chapter comprises 163 of the 252 pages of the book and in it the 
material is developed with elegance, with precision, and with sufficient detail 
to make it interesting and illuminating reading for one who has a fair under- 
standing of the elementary notions of the calculus. 

In the remaining four chapters on differential equations. differential ge- 
ometry, functions of a complex variable, and some problems of the calculus of 
variations, the author has not attempted to build up the foundations of a 
theory, but has contributed his own development of a few of the interesting 
problems which arise in these fields. They are chapters to be read with profit 
by the expert and may be expected to supply to a lecturer a new perspective 
and new ideas as to presentation. 

Mayme I. Locspon 
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Ocuvres de Georges Humbert publiées par les soins de Pierre Humbert et de 
Gaston Julia. Tome I avec un Préface de Paul Painlevé. Paris, Gauthier- 
Viliars, 1929. ix-+-555 pp. 

The eminent French mathematician Georges Humbert who died early in 
1921 was the discoverer of a host of elegant and profound geometric and 
arithmetic facts. Before him the domain of application of algebraic integrals 
(in particular by means of Abel’s theorem), of the theta functions of Poincaré, 
and of singular Abelian functions had not been exploited in their rich variety 
of detail. It was here that Humbert was remarkably successful. As two in- 
stances of the geometric results contained in the volume under review which 
are of such extraordinary simplicity as to involve only the rudiments of the 
calculus, I may mention the following. 

The plane algebraic curves whose arc length is a rational function of the 
coordinates are precisely the caustics by reflection of plane algebraic curves for 
parallel incident rays. 

If a paraboloid of revolution intersects a sphere of radius r in two closed 
curves, the difference of the spherical areas cut out is independent of the rela- 
tive orientation of the sphere and paraboloid, and is in fact 4xrp, where p is 
the parameter of a meridian parabola of the paraboloid. 

This volume contains Humbert’s work concerning algebraic curves and 
Abel’s theorem. The later volumes are to contain his work on Abelian func- 
tions and their applications, and his work in the theory of numbers. To the 
theory of numbers Humbert devoted the last twenty years of his life, and more 
than one third of his 45 listed papers fall in this field. 

As Painlevé says in his Préface, “As long as men live capable of cultivat- 
ing mathematics, they will enjoy and admire the perfection of such a work!” 

G. D. BIRKHOFF 


Asymptotische Gesetze der Wahrscheinlichkeitsrechnung. By A. Khintchine. Ber- 
lin, Julius Springer, 1933. 77 pp. 


The book opens with the Laplace-Liapounoff limit theorem on the 
approach to the normal probability function of the distribution of the sum 
x=x,:+x2+ --~- +x, of m variates (n large) that are quite independent of the 
special properties of the distribution functions F,(x:), Fe(x2), Fa(xn) of the 
variables x, x2,--~- , Xn, but are subject to certain conditions concerned with 
the weight and expected value of any one variate in relation to their sum. It 
is held that the limit theorems known as the asymptotic laws of probability 
are not an incidental part of the subject, but, on the contrary, that they form 
an essential part of the science. 

The book is devoted fundamentally to the unification of the subject of 
asymptotic probability. For this purpose use is made of the fact that the 
probability function 


x 1 22 
— j= — (z>0), 
gi2 


satisfies the differential equation 


= 
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In the various questions of analysis that arise, the author has used the notion 
of upper and lower functions whose significance for theoretical probability was 
recently discovered by Petrowsky. 

Continuous stochastic processes are shown to lead to distributions given 
by the normal probability function while discontinuous stochastic processes 
are shown to lead to distributions given by the Poisson exponential function. 
Much of Chapter IV deals with the distribution of chance fluctuation restricted 
as to direction, and with a generalization of the LaPlace-Tchebycheff proposi- 
tion concerning the approach of the probability function for the sum of n 


variables x =%1, %2, - - - , Xn toa function v which satisfies the differential equa- 
tion 

av, 1 d% 

ot 


The fifth chapter gives a proof of the theorem giving the probability of an 
upper bound of | Sm| , where s,=x,:+x2+--++ -+-xn, in terms of repeated 
logarithms. 

The theorems developed relate in many cases to the probability of events 
occurring in relation to an assigned time, and are thus connected with the 
diffusion problems to which the whole of Chapter III is devoted. 

H. L. 


Questions non résolues de Géométrie Algébrique. By L. Godeaux. Actualités 

scientifiques et industrielles, No. 77. Paris, Hermann, 1933. 24 pp. 

This little pamphlet contains an accurate and well written account of the 
present state of three famous unsolved problems: 

Involutions in space. 

Conditions for rationality of a three-dimensional variety. 

Demonstration of the irrationality of the general cubic variety in four- 
way space. 

The bibliography contains titles of 12 books and of 71 recent articles. 

VirGit SNYDER 


Vorlesungen iiber Algebra. Unter Benutzung der dritten Auflage des gleich- 
namigen Werkes von Gustav Bauer in fiinfter vermehrter Auflage darge- 
stellt von L. Bieberbach. Leipzig, Teubner, 1933. x-+-358 pp. 

The fifth edition of Bauer’s Algebra differs very little from the fourth.* The 
principal change has been the rewriting of Chapter 2 of Section 1 to include a 
discussion of number fields and rings. On the basis of this addition the author 
has made minor changes throughout and has included in Chapter 5 of Section 
1 a second proof of the fundamental theorem of algebra. There are also a few 
trivial changes in the chapters or linear equations, matrices, and groups, and 


a number of additional references to original articles. 
L. T. Moore 


* Reviewed in this Bulletin, vol. 35 (1929), p. 581, by T. H. Gronwall. 
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Lecons de Géométrie Projective. By Lucien Godeaux. Paris, Hermann, 1933. 230 

Pp. 

This volume is the outgrowth of the course of lectures on projective geom- 
etry given by the author at the University of Liége. 

In the opening chapter the primary propositions regarding points, lines, 
and planes are given, also the fundamental forms and operations, postulates on 
the ordering of elements, and the principle of duality. From these the author 
develops in an extremely logical manner the fundamental theorems of projec- 
tive geometry. Chapters II to VI inclusive deal with perspective figures, har- 
monic pairs, Dedekind’s postulate of the continuum, and theorems on pro- 
jectivities and involutions. The conics are taken up in the next two chapters; 
these include the construction and classification of the conics and the important 
theorems of Pascal, Brianchon, and Desargues. The remaining chapters, IX 
to XII inclusive, treat in a similar manner the projective properties of planes, 
of quadrics and their classification, the space cubic curve, collineations and 
correlations of space, and null systems. 

The synthetic method is used throughout the text. The author however is 
careful to give the analytic representation of each type of projection considered, 
for which a knowledge of projective homogeneous coordinates is assumed. The 
text contains a very few figures, and a limited number of bibliographical refer- 
ences. A brief historical sketch of the development of projective geometry is 
included in the introduction. 

The logical development and clear presentation of the subject is evidence 
of the care exercised in the preparation of the text. The appearance of the book 
is attractive, and it is unusually free of errors. It will be a valuable reference 
for students in projective geometry, and may help to revive interest in a sub- 
ject which has been neglected in recent years. 

J. I. TRAcEY 


Vorlesungen iiber die hypergeometrische Funktion, gehalten an der Universitat 
Géttingen im Wintersemester 1893/94. By Felix Klein. Ausgearbeitet von 
Ernst Ritter. Herausgegeben von Otto Haupt. Berlin, Julius Springer, 
1933. ix+344 pp. 


This is a second edition of Klein’s lectures on the hypergeometric function. 
In notes added by the editor, Professor Haupt, many of the details are illum- 
inated by comparison with results in the more modern literature on analysis. 
Besides amplifying Klein’s treatment of the hypergeometric function, these 
notes enlarge the historical perspective which Klein, in his characteristic 
style, gave to the lectures. 

The lectures are divided into two series. The first series deal with con- 
vergence questions, with the qualitative investigations of Riemann, and with 
the representation of the hypergeometric function by means of contour in- 
tegrals. The second series deal with the linear polymorphic functions which are 
quotients of two solutions of a hypergeometric equation. 

This book will have a deep appeal to all who know how to appreciate the 
great masters of the nineteenth century. 

J. F. 


| 
| 
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Essai sur le Développement de la Théorie des Fonctions de Variables Complexes. 
By Gaston Julia. Paris, Gauthier-Villars, 1933. viii4+-53 pp. 


This pamphlet contains the lecture delivered by the author at the Inter- 
national Mathematical Congress at Zurich (1932). It covers a wide field, no 
less than that of the evolution of the subject from the time of Cauchy to the 
present, including the most recent work on quasi-analytic functions. The 
author, from the beginning, sets himself the task not only of outlining the main 
directions of progress in the theory of functions proper, but also of tracing the 
relations of its development to that of other mathematical disciplines. 

A chapter is devoted to each of three periods. The first extends from the 
beginning of Cauchy’s work to 1879, the year of Picard’s theorem. The next 
goes on to 1900, when the theory of point sets and of functions of real vari- 
ables began to exercise a strong influence. This second period is marked by 
the dominance of the French school, including such names as those of Picard, 
Poincaré, Painlevé, Hadamard. The third period, from 1900 to the present, is 
sketched rapidly, but the author succeeds in giving some idea of the many 
modern lines of development. To indicate the amount of ground covered, the 
reviewer counted the names of seventy-four mathematicians whose work was 
cited in this last section. Twenty-eight of these were German, seventeen 
French, eleven Scandinavian, nine from eastern Europe, five Italian, and but 
two English and two native American. Does this represent a true appraisal of 
the importance of the various modern schools? The author would probably 
be the first to deny any such significance for his list of references; in fact he 
does so in his preface. But one looks in vain for any reference to the applica- 
tions of this theory in the work of Birkhoff, for example. Perhaps it is too 
much to expect that a lecture of this length be encyclopedic. 

D. R. Curtiss 


Les Espaces de Finsler. By E. Cartan. (Actualités Scientifiques et Industrielles, 
No. 79.) Paris, Hermann, 1934. 40 pp. 


In this pamphlet the author presents the recent developments in the 
geometry of Finsler spaces. He proposes five postulates for measurements in 
the space and by means of them obtains his tensor calculus. As he points out, 
his affine connection is essentially different from that of Berwald and it is 
more nearly analogous to that of a Riemann space; its main advantage is in 
the fact that lengths are preserved in parallel displacement. Of course here, as 
is usual, only spaces leading to a regular problem in the calculus of variations 
are considered. Of the scalar differential forms the author considers only the 
most important one—the angular metric of Landsberg, and he shows that it 
has curvature +1. There are three sections on the geometry of curves and 
surfaces in a three-dimensional Finsler space which show to what extent or 
with what modifications classical differential geometry can be carried over to 
apply to Finsler spaces. 

The author also considers some special n-dimensional spaces characterized 
by the vanishing of some tensor invariant; of particular interest is the one for 
which the determinant of the fundamental tensor is a point-function (A i*=0). 
Another interesting problem considered is the representation of the geometry 
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of line elements (éléments d’appui) as the geometry of surface elements. The 
whole seems to be very closely related to the study of conservative dynamical 
systems as treated by contact transformations. 

The pamphlet as a whole is extremely well done. The formulas are usually 
given geometrical content—an attribute often lacking in works on tensor 
analysis—and the proofs are clear and not too formal. Above all, brief as 
this pamphlet is, it contains many interesting ideas that seem to be worth 
elaborating. 

M. S. KNEBELMAN 


Gesammelite Abhandlungen. By David Hilbert. Zweiter Band. Algebra, In- 
variantentheorie, Geometrie. Berlin, Julius Springer, 1933. 453+-8 pp. 


Turning over the leaves of the new volume of Hilbert’s mathematical 
papers and comparing these theories more than forty years old with our pres- 
ent point of view brings again a vivid realization of the tremendous influence of 
Hilbert on the trends of mathematical thought. The investigations on invari- 
ant theory and algebraic systems form the main part of the second volume 
leading from his thesis (1885) to the two fundamental papers Uber die Theorie 
der algebraischen Formen, Mathematische Annalen vol. 36 (1890) and Uber 
die vollen Invariantensysteme, ibid., vol. 42 (1893). In a short expository article 
van der Waerden gives an account of the continuation of Hilbert’s work on alge- 
braic systems through Lasker and Macaulay up to the abstract formulation 
by E. Noether’s ideal theory in commutative rings. 

Among other papers of great importance one should mention paper No. 18 
containing Hilbert’s irreducibility theorem and the investigations on equations 
with a prescribed Galois group and also Nos. 10 and 20 dealing with the repre- 
sentation of definite forms as the sum of squares, a problem which was first 
completely solved by Artin. Paper 26 contains the results on the still unsolved 
problem of representing the solution of a general algebraic equation by means 
of functions of a minimal number of variables. 

The geometric part of the works is incompletely representative since the 
well known book Grundlagen der Geometrie could not be included. This lacuna 
is partly filled by an interesting article by Arnold Schmidt on the recent con- 
tributions to the axiomatics of euclidean geometry. 

OysTEIN ORE 


Grundbegriffe der Wahrscheinlichkeitsrechnung. By A. Kolmogoroff. Berlin, 
Julius Springer, 1933. 62 pp. 


It is the purpose of this monograph to develop probability theory from a 
postulational standpoint. For this purpose a probability field is defined as an 
assemblage with a definite ordering of numbers that satisfy the system of 
axioms. A brief exposition is given of the construction of such fields and of the 
manner in which the framework of the postulational system can be related to 
the applications to phenomena. The addition and multiplication theorems 
follow at once. Moreover, the theorem of Bayes, concerning whose validity 
there have been many controversies, is also an almost immediate consequence 
of the system of postulates, but the reviewer does not think this derivation of 
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the theorem of Bayes settles the old contention relative to the validity of in- 
ferring the characteristics of a statistical population from a sample by means 
of the theorem of Bayes. 

Use is made of the Lebesgue theories of measure and of integration. Indeed, 
it is held that it seemed almost hopeless to deal with the logical foundations of 
probability without these theories. 

The development includes infinite probability fields by means of an addi- 
tional axiom, distribution functions in space of many dimensions, differentia- 
tion and integration of mathematical expectations, and the law of large num- 
bers. This little book seems to the reviewer to be an important contribution 
directed towards securing a more logical development of probability theory. 

H. L. Rretz 


bi 


NOTES 


The Philosophy of Science Association has begun publication of a quarterly 
journal, Philosophy of Science, under the editorship of W. M. Malisoff. Among 
the articles in the first issue are the following: Quantum mechanics as a basis for 
philosophy, by J. B. S. Haldane; The foundations of the theory of probabilities, 
by D. J. Struik; The character of philosophic problems, by Rudolf Carnap. 
Subscriptions may be sent to Williams and Wilkins, the Waverly Press, 
Baltimore. 


The first annual meeting of the Southern Intercollegiate Mathematics 
Association was held at the Louisiana State Normal College, Natchitoches, on 
May 5, 1934. This Association was founded in 1933, under the presidency of 
Professor I. Maizlish, of Centenary College, “to stimulate an interest in mathe- 
matics in colleges and universities by holding annual competitions in algebra, 
trigonometry, analytic geometry, and the calculus.” The winner of this year’s 
competition was Louisiana State University. 


A collection of projective models of hyperspace regular figures, including the 
six regulars of 4-dimensional space and the hypercube series extended to a 
dimensions, has been prepared by Mr. P. S. Donchian, of Hartford, and put 
on exhibition this summer at the Century of Progress Exposition, Chicago, in 
the mathematics section of the Basic Science Exhibits in the Hall of Sciences. 


The Belgian Academy of Sciences has awarded to Professor R. Jacques, of 
the University of Montpellier, its prize for 1933 for a memoir on new applica- 
tions of the methods in infinitesimal geometry introduced by Claude Guichard, 


The O. Pomini prize has been awarded to Silvio Cinquini, for a series of 
thirteen papers published since he received his doctorate from the University 
of Bologna in 1929. Especial mention is made of his memoir Sopra una formula 
del Curtiss. 


The Franklin Institute has awarded Franklin medals to Professor H. N. 
Russell, of Princeton University, for his “pioneer work in the application of 
physical theories to astronomical problems,” and to Dr. Irving Langmuir, of 
the General Electric Company, at Schenectady, “in recognition of his in- 
vestigations in physics and chemistry.” 


Professor Emile Borel has been elected president of the Paris Academy of 
Sciences for the year 1934. 


Maurice, duc de Broglie, has been elected a member of the Académie 
Francaise. He has been “académicien libre” of the Paris Académie des Sciences 
for a number of years. 


The University of Cambridge has conferred a doctorate of science on Dr. 
Alfred Fowler, Yarrow research professor of the Royal Society and professor 
of astrophysics at the University of London. 
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Professor Henri Lebesgue, of the University of Paris, has been elected a 
foreign member of the Royal Society of London. 


Columbia University has conferred an honorary doctorate on Professor 
E. W. Brown, Josiah Willard Gibbs professor emeritus of mathematics at Yale 
University. 


Professor S. Lefschetz, of Princeton, has been appointed representative of 
the Institute for Advanced Study to attend an International Mathematical 
Conference to be held at Moscow in June and July, 1934. 


The following mathematicians have been elected to membership in the 
National Academy of Sciences: Professors H. S. Vandiver, of the University 
of Texas, and Norbert Wiener, of the Massachusetts Institute of Technology. 
Dr. V. F. K. Bjerknes, professor of meteorology at the University of Oslo, 
has been elected a foreign associate of the Academy. 


The following have been awarded National Research Fellowships in mathe- 
matics for 1934-35: S. F. Barber, L. M. Blumenthal, R. H. Cameron, Ralph 
Hull, D. C. Lewis, Jr., W. T. Martin, Deane Montgomery, F. J. Murray, 
S. B. Myers, D.S. Nathan, M.1I.S. Robertson, G. C. Webber. This list includes 
renewals. 


Dr. E. R. Lorch has been awarded a Cutting fellowship at Columbia 
University. 

Dr. W. C. Randels, of Brown University, has been awarded a Sterling fel- 
lowship at Yale University. 


Nicholas Rashevsky, formerly of the Westinghouse Company, has been 
awarded a General Education Board fellowship in mathematical biophysics, 
for work at the University of Chicago. 


Shaun Wylie, of Oxford University, has been awarded a Commonwealth 
Fund fellowship, for research in mathematics at Princeton. 


Professor E. Goursat, of the Faculty of Sciences of the University of Paris, 
has retired, with the title of honorary professor. 


Dr. Borge Jessen, who has been in residence at the Institute for Advanced 
Study, Princeton, during the academic year 1933-34, has returned to the 
University of Copenhagen, 


Dr. Walter Lietzmann, of the University of Géttingen, has been made 
honorary professor. 


Assistant Professor L. M. Milne-Thomson, of the Royal Naval College, 
Greenwich, has been promoted to a professorship of mathematics. 


Dr. Gustav Schweikert has been made honorary professor of theoretical 
physics at the Berlin Technical School. 


Professor E. Vessiot, of the University of Paris, has been transferred from 
the chair of theory of functions and theory of transformations to that of 
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analytical and celestial mechanics, as successor to the late Paul Painlevé. 
Professor Paul Montel has been transferred from the chair of rational me- 
chanics to that formerly held by Professor Vessiot. 


Assistant Professor W. L. Ayres, of the University of Michigan, has been 
promoted to an associate professorship of mathematics. 


Mr. F. J. Brand, of the University of British Columbia, has been promoted 
to an assistant professorship. 


Dr. S. S. Cairns, of Lehigh University, has been promoted to an assistant 
professorship of mathematics. 


Professor R. D. Carmichael, of the University of Illinois, has been ap- 
pointed dean of the graduate school. 


Assistant Professor Jesse Douglas, of the Massachusetts Institute of Tech- 
nology, has been promoted to an associate professorship of mathematics. He 
has been granted leave of absence for the academic year 1934-35, during which 
he will be in residence at the Institute for Advanced Study. 


Assistant Professor R. D. Douglass has been promoted to an associate pro- 
fessorship of mathematics at the Massachusetts Institute of Technology. 


Dr. H. H. Ferns, of the University of Toronto, has been appointed assistant 
professor of mathematics at the University of Saskatchewan. 


Dr. W. W. Flexner, of Bryn Mawr College, has been appointed assistant 
professor of mathematics at Cornell University. 


Dr. C. M. Huber, of Wilson Teachers College, Washington, has been pro- 
moted to an assistant professorship. 


Assistant Professor Mildred Hunt, of the Illinois Wesleyan University, 
has been promoted to a professorship. 


Dr. E. J. McShane has been promoted to an assistant professorship at 
Princeton University. 


Associate Professor C. C. MacDuffee, of the Ohio State University, has 
been promoted to a professorship of mathematics. 


Dr. W. F. Osgood, Perkins professor of mathematics, emeritus, at Harvard 
University, has accepted an invitation to join the department of mathematics 
at the National University of Peking. 


Dr. H. W. Raudenbush, of Barnard College, Columbia University, has 
been appointed assistant professor of mathematics at Yale University. 

Assistant Professor A. D. Snyder, of Union College, Schenectady, has been 
promoted to an associate professorship. 


Associate Professor H. S. Vandiver, on leave of absence from the University 
of Texas, has been appointed temporary lecturer at the Institute for Ad- 
vanced Study. 
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Professor J. H. Van Vleck, of the University of Wisconsin, has been ap- 
pointed professor of mathematical physics at Harvard University. 


Associate Professor E. E. Whitford has been promoted to a professorship at 
the College of the City of New York. 


Dr. G. T. Whyburn, associate in mathematics at the Johns Hopkins 
University, has been appointed professor of mathematics at the University of 
Virginia. 

Assistant Professor D. V. Widder has been promoted to an associate profes- 
sorship at Harvard University. 


Associate Professor A. H. Wilson has been promoted to a professorship of 
mathematics at Haverford College. 


The following appointments to instructorships are announced: University 
of California at Davis: Dr. E. B. Roessler; Johns Hopkins University: Mr. J. 
F. Wardwell; Massachusetts Institute of Technology: Dr. J. L. Barnes; Prince- 
ton University: Mr. H. G. Swain, Dr. R. J. Walker; St. Bonaventure’s College: 
Mr. D. J. Colbert. 


William Barlow, F. R. S., known for his work in geometrical crystallog- 
raphy, died February 28, 1934, at the age of eighty-eight. 


J. Bauschinger, professor emeritus at the University of Leipzig, died at 
the age of seventy-three. 


Dr. C. F. Geiser, formerly professor of mathematics at the Zurich Technical 
School, died March 8, 1934, at the age of ninety-one. 


Mr. Henry S. Hall, author of well known textbooks of mathematics, and 
formerly head of the military and engineering side at Clifton College, died 
May 3, 1934, at the age of eighty-five. 


J. T. Erwin, formerly professor at George Washington University, died 
October 15, 1933, at the age of sixty-three. 


Professor C. D. Killebrew, of the Alabama Polytechnic Institute, died 
March 9, 1934. 


Professor C. H. Peabody, professor emeritus of naval architecture at the 
Massachusetts Institute of Technology, died May 4, 1934. 


Dr. I. J. Schwatt, professor emeritus of mathematics at the University of 
Pennsylvania, died April 17, 1934, at the age of sixty-seven. Professor Schwatt 
had been a member of the American Mathematical Society since 1893. 


Mr. Walter Wood, of Philadelphia, manufacturer of cast iron water and 
gas pipes, died April 20, 1934, at the age of eighty-four. Mr. Wood was a life 
member of the American Mathematical Society. 
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SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary 
and the Associate Secretaries of the Society for presentation at 
meetings of the Society. They are numbered serially throughout 
this volume. Cross-references to them in the reports of the 
meetings will give the number of this volume, the number of 
this issue, and the serial number of the abstract. 


219. Dr. W. H. Ingram: A necessary condition for the oper- 
ability of systems of synchronous alternators. 


In the case of three synchronous smooth-pole slip-ring machines connected 
together at a point, the Lagrangean multiplier is given by ¢o=)>. (Zo| zx)ex* 
-Ye—px), and the condition of operability is that real y’s exist which satisfy 
the generalization of Hopkinson’s equation where 
is Kronecker’s symbol, kij=sin cos (¥j;—p;), 20) sin A 
limit of synchronous operability is reached when any one of the derivatives 
0p;/df; vanishes. The y’s are given explicitly by elliptic and, in the case of 
salient-pole machines, hyperelliptic functions; and more practically by a sys- 
tem of pendulums. The method of solution can be extended to unbalanced 3- 
phase systems without difficulty when the field currents are constant. (Re- 
ceived May 17, 1:34.) 


220. Professor W. M. Whyburn: Study of a series of the bi- 
nomial type. 


The series Flv, where 
is a real number, and (;) is a generalization of the binomial coefficient, is 
studied. Connection is made with previous investigations of derivatives of non- 
integral orders and with work on infinite systems of differential equations. 
(Received May 21, 1934.) 


221. Professor D. N. Lehmer: On the enumeration of magic 
cubes. 


The author devises a method of “normalizing” magic cubes so that the 
enumeration of them is made proof against repetition or omission. The enumer- 
ation has been carried out for cubes of order 3 with the result that there are 
exactly 4 normalized cubes each representing a group of 1,296 different cubes. 
The total number of magic cubes of order 3 is therefore 5,184 (Received May 
19, 1934.) 


| 
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222. Professor J. V. Uspensky: On an expansion of the remain- 
der in the Gaussian quadrature formula. 


The remainder in the Gaussian quadrature formula with ordinates and 
corresponding to the interval of integration 0, 1 can be expanded into series of 


the type 
(2n—1) (2n—1) (2n+1) (2n+1) 
Olfm -fo '-alfo —-fo 
(2n+3) (2n+3) 
+QGlfa —-f@ }- 
where Co, Ci, C2, - - - are positive rational numbers. This expansion is ibis 


to one figuring in the well known Euler-Maclaurin formula and possesses the 
same properties. The method by which the above expansion is obtained leads, 
incidentally, to a new and very simple proof of some important inequalities due 
to Tchebycheff. (Received May 25, 1934.) 


223. Dr. C. B. Morrey, Jr.: New differentiability properties of 
the solution of a class of minimum problems. Preliminary re- 
port. 

Let I bea regular curve in space which has a convex projection C (bounding 
the region R) on the (x, y) plane and possesses a continuously turning osculat- 
ing plane which never makes an angle > tan ~1A with that plane. Let f(, gq) 
be defined, of class C’’, and satisfy fppfga—fp¢>0, fpp >0, for all real (p, g). 
Radé and Haar have shown that there exists a unique function 24(x, y) which 
(1) satisfies a Lipschitz condition with constant A on R+C, (2) is such that 
z=2,(x, y) is bounded by I, and (3) is such that 


“Ox oy 
is less than the value of this integral formed for any other function 2(x, y) which 
satisfies a uniform Lipschitz condition on R and coincides with 2, on the bound- 
ary. The present paper shows that the first partial derivatives of 24 are ab- 
solutely continuous in the sense of Tonelli on every closed subregion interior to 
R and that their first partial derivatives (the second partials of z4) are sum- 


mable with their squares on each such subregion. The function 2, is then seen 
to satisfy the Euler equation almost everywhere. (Received May 26, 1934.) 


224. Professor Morgan Ward: The interpretation of a many- 
valued logic as an isomorphism between rings. 

The rings in question are the Boolean algebras in which the elements 0 and 
1 need not appear, studied by F. Klein. The logics of Tarski and Lukasiewicz 


and C. I. Lewis appear as special instances of a general correspondence between 
such systems. (Received May 28, 1934.) 


225. Professor Raymond Garver: A note on group postulates. 


This paper shows that the set of four group postulates which E. H. Moore 
devnoted by W/ in volume 3 of the Transactions of this Society is not inde- 
pendent. (Received May 29, 1934.) 


| 
| 
| 
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226. Professor A. R. Williams: The quadrics of a web that have 
a line of vertices. 

In a general web of quadrics in S; are 10 pairs of planes, that is, 10 quadrics, 
each of which has a line of vertices. An algebraic method of finding this num- 
ber is given and extended to a web of quadrics in S,. (Received May 29, 1934.) 


227. Professor B. A. Bernstein: On finite Boolean algebras. 


The author brings out certain facts concerning the “irreducible” elements of 
a finite Boolean algebra, gives a new proof of the theorem concerning the 
number of elements in such an algebra, and answers some questions concerning 
finite sub-algebras in a given Boolean algebra. (Received May 31, 1934.) 


228. Professor A. D. Michal and Mr. V. Elconin: An extstence 
theorem for total differential equations in abstract vector spaces. 


In this paper the authors give an existence theorem for completely integra- 
ble Pfaffian equations 46¢(x) = F(x, ¢(x), 5x) in Banach spaces. Certain hy- 
potheses on F are introduced to insure the existence of first and second Fréchet 
differentials of the solution function ¢(x). Implicit function theorems in Banach 
spaces are then introduced as applications of the above existence theorem. 
Some attention is given to the consideration of instances. (Received May 31, 
1934.) 


229. Professor H. F. Blichfeldt: Minimum values of quadratic 


forms. 
Consider a positive definite quadratic form reduced by the method of 
Korkine and Zolotareff, its outer coefficients being A1, A2,-- +, An. From cer- 


tain relations among these, virtually equivalent to 2A;2A:;, in addition to 
those established by Korkine and Zolotareff, can be deduced the values of the 
minima of the quadratic forms of given determinant D=A,A2--- An in 
n<9 variables when these are integers not all zero. The results will appear 
shortly in the Mathematische Zeitschrift. An extension is now made to forms 
in nine variables, establishing A,?<2'°D. When n>10, the relation 2A;>A1 
(or its equivalent) ceases to give as good results as the general limit given by 
the author (see Mathematische Annalen, 1929, pp. 605-8). (Received May 31, 
1934.) 


230. Dr. D. H. Lehmer: On the inversion of infinite series. 


In a previous paper (Transactions of this Society, vol. 33, pp. 945-957) we 
developed a general calculus of numerical functions associated with a function 
v(x, y) satisfying certain postulates. In this paper we use this calculus to obtain 
general inversion formulas for infinite series whose mth terms are of the form 
a,F(V,(z)) where the a’s and F are arbitrary while the V’s are functions of a 
complex variable and form a closed set with respect to substitution as follows: 
Vi(V;(2)) = Vilz) where k=y(i, 7). The case 7) =7j includes most series 
developments in common use. A number of other examples are given to il- 
lustrate the general theory. (Received June 1, 1934.) 
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231. Mr. Irving Kittell: The coloring of spherical maps. 

In this paper it is shown that a minimum uncolorable spherical map cannot 
have n-fold symmetry with respect to a point if n >3, or if nm <3 unless a point 
of symmetry is on a 0-cell or a 1-cell. The work of A. Errera on transpositions 
of chains in a partially colored map is extended by giving a group of transposi- 
tions which could be performed upon a minimum uncolorable map. Also a 
symbolic notation is presented which will greatly facilitate the coloring of any 
colorable spherical map. (Received May 22, 1934.) 


232. Mr. P. B. Jones: Concerning certain locally peripherally 
connected spaces. 

A space is said to be locally peripherally connected provided that if P is a 
point of a region R, there exists in R a domain containing P and whose bound- 
ary is connected. Suppose that M is a locally peripherally connected, com- 
pletely separable space satisfying Axioms 0, 1, 2, 3, and 4 of R. L. Moore’s 
Foundations of Point Set Theory. In this paper the author shows that M is 
homeomorphic with a subset of a completely separable space S having the 
following properties: (1) S satisfies Moore’s Axioms 0, 1, 2, 3, and 4; (2) if P 
is a point of a region R of S, there exists a simple domain D of S lying in R and 
containing P. By a theorem of J. H. Roberts (this Bulletin, vol. 39 (1933), p. 
620), S is homeomorphic with a subset of a sphere. Hence, M is homeomorphic 
with a subset of a sphere. If M is not compact, M is homeomorphic with a sub- 
set of a plane. (Received May 23, 1934.) 


233. Professor Morgan Ward: Note on the period of a mark in 
a finite field. 

A partial determination of the period of a mark in a finite field is effected. 
This paper will appear shortly in this Bulletin. (Received May 28, 1934.) 


234. Professor Morgan Ward: Note on the iteration of functions 
of one variable. 

Let E(x) be a real continuous single valued function of the real variable x 
in the range a<x< such that E(x)>-x, for all x2a, and E(x’)>E(x), if 
x’>x2Za. An explicit formula is given for the continuous iteration of E(x). 
(Received May 28, 1934.) 


235. Professor Morgan Ward: Note on an arithmetical property 
of recurring series. 

In this paper certain results by Siegel (Téhoku Journal, 1921, pp. 26-31) oh 
the number of zeros appearing in a sequence of integers satisfying a recursion 
relation of order three are extended. It is shown that if the associated cubic 
equation has two complex roots, in general three such zeros can appear. A 
weaker result for sequences satisfying a recursion relation of order four is also 
established. (Received May 28, 1934.) 


236. Professor D. W. Woodard: Uniform set-theoretic char- 
acterizations for closed n-cells. 
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A characterization of the closed n-cell has been given by Alexandroff in 
Mathematische Annalen (vol. 94, p. 296). In recent years several character- 
izations of the 2-cell have appeared. The word uniform as used in the title is 
justified in the sense that the main theorem as given may be regarded as a set of 
words and symbols defining a function, F(z), such that F(1) is a closed 1-cell, 
F(2) is a closed 2-cell, and so on. The work is characterized by the use of the 
concept of strong homeomorphism due to Kline. A set M; is said to be strongly 
homeomorphic to a set M2 provided there exists a topological transformation of 
M, into M2: H(M1)=M: such that H(M,)= M2. There is reason to believe 
that the concepts and methods used in the paper can be made to yield set- 
theoretic characterizations of at least certain classes of n-dimensional mani- 
folds. In fact, they were selected with this result in view. (Recéived May 28, 
1934.) 


237. Professor Raymond Garver: The effect of dumping on 
monopoly price. 

The subject of this paper was suggested by a similar paper by Professor 
Yntema, Journal of Political Economy (vol. 36 (1928), pp. 686-698). Its aim is 
to present a complete mathematical treatment of the problem. (Received May 
29, 1934.) 


238. Professor B. C. Wong: Loci of m-spaces joining cor- 
responding points of m+-1 projectively related n-spaces in r-space. 

In this paper we generalize the theorem that the locus of the ©! lines joining 
corresponding points of two projective point-rows in 3-space is a quadric 
surface and prove that the locus of the ©” m-spaces joining correspond- 
ing points of m-+1 given projectively related m-spaces in an r-space where 
r=mn-+m-+n is an (m+n)-dimensional variety of order ("i"). The equa- 
tions of this variety are derived and some of its properties are stated. The 
surfaces in which it is intersected by u(m-+-1)-spaces, in particular those for 
which m =2, are described. (Received May 29, 1934.) 

239. Professor B. C. Wong: Linear systems of hypersurfaces 
in space of r dimensions. 

Intheequation =Oof a linear ©?-system | V| of n-ic hypersurfaces 
in an r-space S, where the {’s are homogeneous parameters and the f’s are 
homogeneous functions of degree m in r+1 variables, we let the ¢’s be the co- 
ordinates of a point in a p-space S,, and thus set up a one-to-one correspondence 
between the hypersurface of | V| and the points of S,. In this paper we are con- 
cerned with the varieties of various dimensions of S, whose points correspond 
to those hypersurfaces of | V| which are tangent to given varieties, in particu- 
lar linear subspaces, of S,, and describe some of their properties and their 
relations to one another and to the manifold whose points correspond to the 
Jacobian variety of | v|. Some particular cases, that is, cases r=p=2, n 
general; n=2, r=p general; and »=2, r=p=3 are more closely studied. 
(Received May 29, 1934.) 


240. Mr. A. E. Taylor: On integral invariants of non-holo- 
nomic dynamical systems. 
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It is well known that there are certain invariants associated with holonomic 
dynamical systems. Cartan has shown that a Hamiltonian system may be char- 
acterized by means of the relative integral invariant {c2spidq;—Hdt. This 
paper extends the theory to non-holonomic systems. If the system has m de- 
grees of freedom and n+ natural coordinates, its equations of motion may 
be written in pseudo-Hamiltonian form, using a set of Langrangian multipliers. 
These equations are completely characterized by the relative integral invariant 


n+k 
+ — danse d + jie» pda. — Hét, 
s=l 


where the a’s are functions which enter as a result of the non-holonomic char- 
acter of the system. (Received May 31, 1934.) 


241. Professor E. V. Huntington: The relation between Lewis’ s 
strict implication and Boolean algebra. 


This paper presents a proof of two new theorems in C. I. Lewis’s system of 
strict implication, namely, 


(1) (p39) | 
and 
(2) [(6-39)(93 2) ]3(p 349). 


On the basis of these theorems it is shown that the relation of strict implication 
in Lewis’s system is substantially equivalent to the relation called subsumption 
in ordinary Boolean algebra; that is, “p implies g” and “p within g” are inter- 
deducible. (Received June 11, 1934.) 


242. Professor M. H. Ingraham: The non-singular case of the 
equivalence of pairs of Hermitian matrices. 


Consider two pairs of mXn Hermitian matrices (A, B) and (C, D). One pair 
is said to be equivalent to the other if there exists a non-singular matrix T such 
that T’AT=Cand T’BT=D. There is no loss of generality if it is assumed that 
the rank of pA +cB never exceeds the rank of B. For the case where B is non- 
singular Mr. K. W. Wegner (see abstract No. 40-1-103) found necessary and 
sufficient conditions for the equivalence of the two pairs. This paper solves the 
general problem of equivalence by reducing the pair (A, B) to a canonical pair 
(A, B) in which B, is a diagonal matrix with diagonal terms limited to 1, —1, 
or 0; and A; isa matrix of sub-matrices which is completely determined by the 
rank of all but one of these sub-matrices and the canonical form of this one for 
the non-singular case. (Received May 19, 1934.) 


243. Dr. N. E. Rutt: Prime ends and indecomposability. 


In this paper the following theorem is proved. If the boundary I of the plane 
bounded simply connected domain y contains an indecomposable continuum 
D, there is a prime end of y which contains D. (Received June 6, 1934.) 
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244. Professor E. T. Bell: On the power series for elliptic func- 
tion. 

In this Bulletin, vol. 26 (1919), pp. 19-25, the author gave incidentally 
certain expansions of elliptic theta quotients, in arithmetized form, derived 
from a comparision of the Fourier and MacLaurin expansions of the quotients. 
In the present paper (to be published in the Transactions of this Society) 
these expansions are applied to obtain explicit formuias for the numerical coeffi- 
cients in the power series for elliptic functions. The formulas published without 
proof or indication of method by Hermite are derived very simply. (Received 
June 30, 1934.) 


245. Dr. H. L. Garabedian: An inclusion theorem in the theory 
of summable series. 


Sufficient conditions are obtained to insure that any definition of summabil- 
ity with infinite matrix of reference be more effective than or include the defini- 
tion of de la Vallée-Poussin. For the sake of convenience we define a series 
to be ¢-summable to the sum 1 provided that the series 
converges for s>0 and Tim, ttn = 1. The main theorem is stated as 
follows. Suppose (i) that the series ) pe is summable by the method of de la 
Vallée-Poussin to the sum 1, (ii) that $n ts a function of s with the properties 
(ex) lim,.obn(s) =1,(a2) lim, (1s) 4n(s)| 
<K, if s>0, where v and K are independent of s and n, (iii) that ¢-summability 
includes Ceséro summability of arbitrary integral order. Then the series > 7 
on(s)Un converges if s is positive and lim 2-0)_nnoGn(S) tn =1. (Received June 19, 
1934.) 


246. Professor E. V. Huntington: The inter-deducibility of the 
new Hilbert-Bernays theory and Principia Mathematica. 


On account of the differences in notation (and in the choice of primitive 
ideas) between the calculus of propositions as developed by Whitehead and 
Russel in Principia Mathematica (1910, 1925) and the same calculus as de- 
veloped by Hilbert and Bernays in their new Grundlagen der Mathematik (May, 
1934), it may be a convenience to students of these two works to have at hand 
an explicit proof of the fact that each of these theories is deducible from the 
other. Parts I and II of the present paper supply the details of such a proof 
(not elsewhere available), thus showing explicitly that “implication” in the 
Hilbert-Bernays book is the same thing as “material implication” in the 
Principia. Part III shows that in the Hilbert-Bernays list of postulates the 
informal “rule of inference” can be proved to be formally “independent” by 
the same method that has hitherto been applied only to the formal postulates 
of the system. (Received June 29, 1934.) 


247. Mr. W. H. Ingram: Dynamics of multi-phase commutator 
motors. Preliminary report. 


In the case of the 3-phase salient-pole commutator, for example, the 
physical coordinates 1, “2, “3 are transformed into true coordinates g; by the 
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equation dg;/dt=>_(1/3+(2/3) cos (@—B—(i —j)2x/3) )du;/dt, where d0/dt 
is the angular velocity of the commutator and d8/dt the angular velocity of the 
brushes. The equations of motion in the true coordinates are the same as for 
an orthocyclic slip-ring machine except that the external forces, given by the 
activity function expressed in the true variables, are non-palpable. Intermedi- 
ate transformations to Park-Blondel coordinates permit of exact tests of sta- 
bility but are otherwise not necessary. (Received June 27, 1934.) 


248. Dr. E. R. Lorch (National Research Fellow): A note on 
permutable self-adjoint transformations in Hilbert space. 


Let Hi, H2 be two self-adjoint transformations in Hilbert space and let 
E,(A), E2(u) be their respective resolutions of the identity. It is known that if 
H, is bounded, in order that the two transformations be permutable, i.e., (1) 
it is necessary and sufficient that (2) E:(A)E2(u) =E2(u)E:(A). 
If H, and H2 are both unbounded the definition of their permutability as given 
by Stone and von Neumann is contained in equation (2). In this note we in 
part justify this definition by proving that if (2) is satisfied there exists a self- 
adjoint transformation H; such that H;2HiH2, H;>.H2H;. Furthermore the 
operators H, H2, H2Hi, HiH2—H2H, are essentially self-adjoint (their closed 
linear extensions are self-adjoint). (Received July 6, 1934.) 


249. Mr. Haim Reingold and Professor I. A. Barnett: Semin- 
variants of a system of linear homogeneous differential equations 
of the second order. 


The system of equations in question is as follows: d?y;(x)/dx*+)_;-1 
Lij(x)dyi(x) =0, (@=1, 2,-- + , 2). It is proposed to find 
the expressions involving L;;, M;;, L};=dLi;/dx, which remain unchanged by 
the transformations y;(x) (G=1, 2,---, where 
the K;;(x) are arbitrary. By the introduction of a certain matrix G;; depending 
upon the matrices L;;, M;;, Li;, it is found possible to exhibit a complete set 
of seminvariants which turn out to be the m successive traces of the powers of 
G;;. Two incidental results are worth noting. One, a lemma used in the proof of 
the main theorem of this paper, states that the partial derivative of the trace 
of the /th power of a matrix with respect to any element is equal to / times 
the corresponding element of the (/—1)th power of the transposed matrix. The 
second result, which is a corollary of the main theorem, is that a necessary and 
sufficient condition that the matrix obtained by differentiating any function 
with respect to a;; be commutative with the transposed matrix a;;, is that the 
function be of the form f(ai:, ais, - - - , ais"), where a;;* is the trace of the kth 
power of a;;. (Received June 21, 1934.) 


250. Dr. G. E. Schweigert: The analysis of certain curves by 
means of derived local separating points. 

For any connected subset M of a compact, metric, hereditarily locally 
connected continuum H, let Lo(M) denote the set of all local separating points 
of M. The set H—L»(H) consists of the derived components [C;'] of index 1 
and a zero-dimensional set P;. The derived local separating points of index 1 
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are defined to be the points in Z:(H) =>_Lo(C;). In general La(H) =) L.(C:%) 
are the derived local separating points of index a, where the C;* are the derived 
components of index @ in the set H—)_L(H), for 8<«. The index of the curve 
H is the least transfinite ordinal a(H) such that Layy)(H) =0. In this paper it 
is shown that if p is a point of C;, then g(p) 2a where g(p) denotes the genus of 
p in the sense of Menger. It follows that the genus g(H) =a(H) and hence that 
a(H) is of the first or second number class. The set H—)_La(H), for 8B<a(H), 
is of dimension zero. It is shown that H may be dispersed equally well by a 
countable number of the derived local separating points. (Received June 12, 
1934.) 


251. Mr. P. L. Trump: On a reduction of matrices by the group 
of matrices commutative with a given matrix. 


Given an Xn matrix A, we seek to determine conditions under which two 
nXn matrices B and C, commutative with A, are in the relation B=S1CS” 
where S is an element of the group [.S] of non-singular Xn matrices commuta- 
tive with A. The problem easily reduces to a consideration of the case in which 
A is assumed to be in classical canonical form with characteristic roots all zero. 
The work is simplified by establishing an isomorphism which leads to the con- 
sideration of matrices P, of reduced dimension, whose elements P;;(7) are 
polynomials in + of a restricted type determined by A. A reduction to possible 
canonical forms is attempted and is successful to the extent of reducing to a 
consideration of matrices P in which the elements along the main diagonal are 
congruent to each other modulo y. This case is now under consideration. 
Procedures are outlined which, in any case, establish the possibility of deter- 
mining whether or not two particular matrices of type commutative with A 
are in relation (1). (Received July 6, 1934.) 


252. Professor W. A. Wilson: On certain types of continuous 
transformations of metric spaces. 


Let y=f(x) be a continuous transformation of one metric space X into 
another Y, let a be a limiting point of X, let x and x’ be distinct points of X, 
and let y and y’ be the corresponding points of Y. If lim (yy’/(xx’) ) exists, 
finite or infinite, as x and x’ approach a, this limit is called the spread of f(x) 
at the point a. Various properties of the spread of a continuous transformation 
are found and applications to the rectifiability of arcs and allied topics are 
given. If the transformation is such that to each distance u in X there cor- 
responds the distance v in Y and the correspondence v=¢(u) is a continuous 
function defined for ~=0 and satisfying the following conditions: ¢(0) =0; 
o(u)>0 if u>0; and if w1+u22u3, the transformation 
is called regular. It is shown that regular transformations are homeomor- 
phisms, that ¢’(0) exists and is greater than zero, and that #’(0) is the spread 
of y=f(x) at every limiting point of X. With a proper definition of angles, it 
is found that, if ¢’(u) exists and is continuous at u=0, various types of 
smoothness of simple arcs are preserved, and the transformation is conformal. 
In the special case that the inverse of a regular transformation is also regular, 
the transformation is one of similitude. (Received July 2, 1934.) 
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253. Professor W. A. Wilson: On the imbedding of metric sets in 
euclidean space. 


Two results are obtained in this note. The first is that a convex complete 
metric space which has the four-point property also has the m-point property 
for every integer 7. This removes the condition of external convexity imposed 
in a former proof by the writer. The second is that Menger’s conditions for the 
imbedding of ” points of a metric space in euclidean space are equivalent to the 
requirement that for any k+3 of these points, where 1Skn—3, determining 
three k-dimensional half-spaces having in common the (%—1)-dimensional 
space determined by some sub-set of & of these points, the sum of the three 
space angles having these half-spaces as “sides” and the common space as a 
“vertex” is not greater than 27 and their values satisfy the metric triangle in- 
equality. These angles are readily calculated by the plane and spherical 
cosine laws. (Received June 14, 1934.) 
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WILLIAMSTOWN, MASSACHUSETTS, SUMMER MEETING AND CoL- 
Loguium, September 4-7, 1934. 


Abstracts must be in the hands of Associate Secretary J. R. Kline, 
501 West 116th St., New York City, not later than August 1. Abstracts 
received by July 6 will apear in the July issue of the Bulletin. Professor 
Norbert Wiener will deliver a series of colloquium lectures which were 
planned by himself and the late Dr. R. E. A. C. Paley on Topics from 
harmonic analysis in the co teed domain. By invitation of the Program 
Committee, Professor J. A. Shohat will deliver an address entitled On 
the expansion of functions in series of orthogonal polynomials. 


New York Ciry, October 27, 1934. 


Abstracts must be in the hands of Associate Secretary J. R. Kline, 
501 West 116th St., New York City, not later than September 29. Ab- 
stracts received by the Secretaries by September 7 will appear in the 
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tee, Professor Emmy Noether, visiting lecturer at Bryn Mawr College, 
will deliver an address entitled Modern hypercomplex series. 
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UNIVERSITY OF CALIFORNIA AT Los ANGELES, December 1, 1934. 
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PirrsspurGH, PENNsYLvANIA, Annual Meeting, December 27- 
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Abstracts must be in the hands of Associate Secretary J. R. Kline, 
501 West 116th St, New York City, not later than November 22, 1934. 
Abstracts received by the Secretaries by November 9 will appear in the 
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